8. cviceni - reSeni

Defini¢ni obory ve vzorovém feSeni nejsou uvedeny (jde o zakladni zalezitost), nicméné jsou dilezité a
je tTeba se jim vénovat. Jsou uvedeny ve vysledcich.

Pfipomeiite si vzorce pro derivace: https://www2 karlin.mff.cuni.cz/~kuncova/materialy /deriv-t.pdf.

Piiklad 1 (a) [sin?z +cos’z dz = [1 dz =z (Pythagorova véta)
Jelikoz 2’ = 1, tak [1 dz = .

Piiklad 1 (b) [527 + % dz 25 [ de+9 [2 2 dz £ 5% 4+ 92 — 558 _ 2

Jelikoz (z")" =n - 2" ! pron # —1, tak [2" dz = n}rlx’”l pro n 75 —1.

3
Piiklad 1 (c) fﬁ%—e% dz ' fxz dz + [e?* dz = ?2 + %e% — %x% + %e%
Plati, Ze (%621)/ =1.2.¢% =¥ Tedy skutetné [e2* do = Le%®

Priklad 1 (d) [2sin3z +e™* —|—4da:1—2fsm3:cdx+fe_xdm+4f1dx— c0s3x—e +4x

Opét zfejme (_72 cos 31:)/ = %2 (—sin3z) - 3 = 2sin 3z. Pak tedy plati, ze [ 28111 3z dx = T cos 3x.

Piiklad 1 (e) fxo — Zdz = 255:11 — 29”__3)?11 %:l?g + 272
lin.

Priklad 1 (f) [(z +1)2+cosZ + L dz 2 [2?+ 22+ 1dz+2sin% + Tlog|z| = 323 + 22 + 2 +

2sin § 4 7log |z|

< (z=2)°
de = 20

— arctanx

Piiklad 1 (g) [(2—2)' — iz dz = [(z - 2)* — 5

Piiklad 1 (h)

34 4r 41 . g 1 4 1
/de@'2/:p3§dx+2 xlédx+/x5dx—

2/7 2
< 13+ +2$%+1 +1:L‘_21+1 B 123 z3 +1£L‘% .
)R T O R = R R N R
1 4
:?a:%+§$%+\/a?

Priklad 1 (i) [

1
V1-z?
Priklad 2 (a)

_ lin. _ PP _ _
/2x€ xdx22/:c-e Tdx = ‘u:x,u’zl,v':e Tov=—e" =

=2(—zxze ™) — /1 (—eT*) de = -2z + /e_f” dz £ -2z —e™®

Piiklad 2 (b)
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https://www2.karlin.mff.cuni.cz/~kuncova/materialy/deriv-t.pdf

. PP / / .
/:csm:c dr = ‘u:x,u =1,v=—cosz,v =sinz :—xcosx—/l‘(—cosx) dr =

C .
=SINX — T COST

Priklad 2 (c)

1
/(3:U3 + 22 +1)e’ dz PPy =323 122 + 1L, =922 + 22,0 = gegz,v' =3

1
w=92%+2z,u =18z +2,v = ge?’x,v/:e?’x =

11
= (32° + 2% + 1)e3mg -3 /(9952 +22)e3 dz 2

= (32% + 2% + 1)631% — % (;(9x2 + 2x)e3* — % /(183: +2)e3® d:c) =

1
T u:18$—|—2,u':18,v:5635"’,@':63”” =
—(3x3+x2+1)&—£(9x2+2x)+} 1(18x+2)631—18/e3x dz | =
n 3 9 9\3 3 N
3x 3x 3z 2 1

:(3x3+x2+1)%—%(9x2+2x)+‘;—7(18x+2)—§-gei’w:

2
et b e 202002 2\ (3 20,4 5
=e (:c+3+3 T 9x+3x+27 9 =e T Sx +9x+27
Piiklad 2 (d)

/excosx dz Z }u:cosa;,u':—sinm,v:ex,v':ex‘ —excosx—i—/ezsina: dx =

PP . / : .
= {u:smx,u =cosx,v=¢€", v =¢” :excos:n+e‘”smx—/emcosw dx

Méame:

. C .
/excosx dx—excosx+exsmx—/e“cosw de = 2/excosm dz = e*(sinx + cosx)

Plati tedy, Ze [ e®cosz dz = Le®(sinz + cos )

Priklad 2 (e)

1 2

2 2
PP | ;. o,z 1 T B
/xarctanx dr = |u = arctanz,u —m,v—?,v =z —2arctanx—2/1+x2 dx =
2 2
1 1 1
=T arctanz — = [1— — de < 2 arctanz — - (r — arctan x)
2 2 1+ 22 2 2

Piiklad 2 (f)
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/x2logx dz =

1 3 3 1 3
u:logaz,u’:—,v::E—,v’:x2 :$logx—/:1c2 dx-—log:z:—m—
x 3 3 3 3 9
Priklad 2 (g)
1 2 2 4
/\/Elogza: dz & uw=log?z,u =2logz-—,v= gx%,v':\/i :3\/x3log2a:—3/logw-:cé dr =
x

1 2
u=logz,u =~ ;
x

2 4 (2 2
0= —-x2,0 =z| = =Vadlog?x — = a:glogfrr—/mé de ) =
3 3 3 3

8 16

< §Vx3 log? x — 593% log z + gt

27

w

Priklad 2 (h) [log®z + logz? dx

/log2 zde 2

PP

1
u-long,u’—Qlogac,v—x,v’—l‘ —xlogzx—2/logac dr =
x
u=logz,u =
2 3% 2 1 c 2
log z* do = =zlogx®—2 [ x— dex =zlogx” — 2z
x

/log2x+logx2 dx h:n'/long da:+/logx2 dz = zlog?z — 2z logz + 22 + xlog 2? — 22 =

= zlog?x — xzlog z? + zlogz? = zlog? x

K=

=z, = 1‘ :xlong—QzlogLE+2/1 dz = zlog? z — 2z log x + 2z

/
,2o=z,v =1

_ 2 4 4T g
u=logx’ u = 2=

Piiklad 2 (i)

/sin(log 2z) dx i

1
u = sin (log 27) ,u/ = cos (log2z) —,v = 2,0 = 1| =

1
= zsin(log2x) — /a: cos (log2x) dx =
x

1
u = cos (log 2x) ,u’ = —sin (log 2z) —,v = x,v = 1‘ =

1
= zsin(log 2x) — z cos (log2z) — [ xsin (log 2x) - dz = zsin(log 2x) — x cos (log 2z) — /sin (log 2x) dz:l
Méme tedy:

/sin (log2x) dz = zsin(log2x) — x cos (log 2z) — [ sin (log2x) do =
cl .

= /sin (log2x) = 5% (sin(log 2x) — cos (log 2x))

Priklad 3(a)
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1 ly
30 -2)0dr=y=32-2 dy=3da|= [¢Ss dy= % ="
/(x )" de =y =302, dy =3 drl /y3 V=37 o1

Poznédmka: v substituci mame, ze dy = 3 dz. To vzniklo zderivovanim rovnice y = 3x — 2. Ze vztahu
dy = 3 dz plyne: dz = % dy, coZ se objevuje v integralu po provedeni substituce.

Piiklad 3(b)

1 1 1
/sin(2x+1) de =|y=2z+1, dy =2 dz| —/siny-2 dxé—icosy:—icos@x—i—l)

Priklad 3(c)

1 1
/(36—1-1)24-1 de=ly=a+1, dy= dx\—/y2+1 dy = arctany = arctan(z 4 1)

Piiklad 3(d)

T 1 ¢c 1 —1 1
— Y _dz=ly=2*41, dy=2zdz|= | —dy==> —=-——
/(fL’QJrl)2 v =ly=a"+1, dy =20 dol /2.@2 YTy 2(x* +1)
Priklad 3(e)
Vyuzijeme vztahu: (arcsinz) = 11712.
11n lin. — \/>
/ / \/>xdy \/>d:c /dy:
VB =322 3:c2 f 1 _ 8 V3 1o
d 1 . 1 \/7
= ———arcsiny = ——= arcsin —x
VBT 8
Priklad 3(f)
/3936_9E2 de = |y = —2?, dy = -2 d:c| = /_236y dy = _736?4 = —ge_$2

Priklad 3(g)

1 1
/ dr = ‘y = arctanz, dy = 1

d / 1 dy & = 1 1
Tl = —_— —_ — = —
(1 + 22) arctan3 x y3 Y 292 2arctan?

Piiklad 3(h)
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dax =

1 1 2 /y+1—1
S — Vi1, dy= ——— dz| = dy Yo~ gy =
/1—1—\/1‘—1 yeve W x' /y+1 yr1 Y

:2/1_yvlt dyli:n —2/dy—|z:y+1, dz = dy]:Qy—Q/idzéQy—Qlog\z\:
—2\/JJT—210g(1+\/:10f
Pozn.: absolutni hodnota neni potieba, neb 1 + v/ — 1 > 0, je-li vyraz definovan.
Priklad 3(i)

. . in® . . 2 2
Uvédomme si: tan® z = e a sinz = (sm2 :U) = (1 — cos? x) )

1-42)? 1-2y% + o/
/tan5xdx:|y:cosx, dy:—sinajdfn|:/—(5y) dy:/—w dy =
Y Yy

/ 1 49 1 1 dy & 1 1 log |y 1 1 | ‘ |
— _ - = — — — — 10 = — — 10 COS ™
Y5 3y Y 4yt 2 g1y dcostxr cos?z &

Priklad 5(a)

— S1n — €Tr = = — = = Sin = — COS — S
26 7 2b Y= YT 5 YW= ge®y =3 5
Priklad 5(b)
1 4 4 41 4 4
/x?’long dz =2 |u = log2z,u' = —,v = w—,v' =23 = log2m—/$ de = JLlogQaU— r
x 4 4 x 4 16

Priklad 5(c)

[(-5) e e [V a0 [atae [5) -

7 _5 c4d 7
xrdi — x4d$:?4 1'4

Piiklad 5(d)

Nejdiive spoctéme: [ 2re dx = ly=—2? dy=—2zde|=—[eV dy=—¢¥ = e
/azezdm—/:c *‘f”d :%1:0411 —223 v—em,’— —2z)e —#t|
:%1.%46 a / x( 2z - x dx*‘y——xz, dy = =2z dz| = —= /ey
'in *2.’E461 +/yeydy—‘u—y,u—1,v—ey v'—ey|— zle™ + ye¥ — /eydy—
= —%J,Ae T tye¥ —e¥ = —;x‘le*zz + (=)™ — e
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